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ON THE STABILITY OF THE VERTICAL ROTATION OF A SOLID SUSPENDED ON A ROD”

V.N. RUBANOVSKII

The problem of the motion of a dynamically symmetric solid suspended from
a fixed point by a weightless rod and two ball and socket joints one of
which is fixed at the fixed point O', and the other is on the body axis

of symmetry at the point O is considered. The question of the stability
of the uniform body rotation when points O' and O, and the body centre of
inertia C lie on the same vertical, and at the same time point O may be
either above or below point O', and point C either above or below point O,
is discussed. An analysis of the necessary and sufficient conditions for
stability is given. The set of all the system's parameters is reduced to
three independent dimensionless parameters L,Q and f, and in the plane
(L, Q), for fixed values of B, the regions for which the unperturbed rotation
is steady, or steady to a first approximation, or non-steady are indicated.
The regions for which the body rotation is steady to a first approximation
when the point O is situated higher than the point O', and the point C
lies higher or lower than the point O are determined.

The sufficient conditions for the vertical rotation of a dynamically
symmetric body suspended on a filament were obtained in /1/ and investigated
for the cases where in non-perturbed motion the point C is below point O,
when points C and O coincide, and when the length of the filament is zero
(Lagrange gyroscope). In /2/ an analysis is given of the sufficient
conditions for stability cbtained in /1/, and alsc the necessary conditions
for the cases where in a non-perturbed motion point C is located above
peint O.

1. cConsider, in a uniform field of gravity, the motion of a dynamically symmetric solid
suspended on a thin straight weightless rod and two ball and socket joints, one of them being
the fixed point 0', and the other located on the axis of symmetry of the body at point O.

We adopt the coordinate system Or,7,7; whose axes are invariably linked with the body
and directed along its principal axes of inertia for the point O. Let us introduce the
following notation: m, Jo is the mass and the tensor of inertia of the body for its centre
of mass C, with the diagonal elements J, = J,, Jy; @, K¢ = Jo-0, are the angular velocity and
the momentum of the body, computed for point C, a is the radius vector of point C relatively
to point O, v is the velocity of point O, y is the unit vector of the upward vertical, !
is the length of the rod,e is the unit vector directed along the rod to point 0, g is the
acceleration due to gravity, and N is the reaction of the rod. We shall express all vectors
by their projections w;, K¢y = Jiwy, Uy, viv €y @; on the z;axis (i =1, 2,3,) with a, =a, =0,
ay = a.

*prikl.Matem.Mekhan.,49,6,916-922,1985
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The equation of motion in the coordinate system Oz,2,z, can be expressed in the form
mld/dt(v+o Xa)+o X (v+oXa)l=—mgy-+ Ne (1.1
dKe/dt + @ X K¢ = Ne X a
dy/dt + @ X y =0, l(de/dt + o X e)=—
The meaning of Egs.(l.1l) is cbvious. They admit of the following first ingegrals
Vi=eJcco +m(v+ o0 Xa)— 2mg (le —a).y = const
Veo=1Jcco + m(a—le) X (v+wxa)y=const
Vs = w; =const, V=% =1, Vy=¢e=1, Ve=v.e=0

and have the partial solutions
V== =6(=12), vs=0 @3=0>0 ya=1, (1.2)
es =+ 1 (N = £+ mg)
which describe the uniform rotations of the body for which the points O, O and C lie on the
same vertical, where, for the first solution, (e;j= 1, N = mg) the point O is situated below

point 0', and for the second (e = —1, N = —mg) above this point. The solutions (1.2) can
be regarded as one solution with e; = 1, if for the second solution we assume [ <0.

2. We retain in the perturbed motion the above notation of the variables. Then Egs.(l.1l),
linearized in the vicinity of solution (1.2), take the form

le,” + 2ivle,” + (g — 0®e, —i (I — @), — o (I — a) 0, — (2.4)
gve =0

Jyo, +io (J; — J3) o, + imgae, =0, v, + ioy, —
i, =0

€y =€) T 16y, Wy = W) T W Ve = V1 T ¥

where e, =1,y =0, v3=1, N = mgsignl to a first approximation. Finding the solutions of
Egs.(2.1)in the form

{0 Yoo €6) = (0,75, 7% &) exp li (A — o) 8]
we obtain the following characteristic equations for determining the constant & :
gA (3) — MIA (M) =0, Ay = —J1*12 + Jguh — mga (2.2)
A, = —J12 — Jyoh — mga. N)* =J, + ma®

Thus, for the motion (1.2) to be steady with respect to the variables w; 7y, € (i = 1.2, 3)
it is necessary that all four roots of Eg.(2.2) be real.

3. We obtain the sufficient conditions for stability of the solution (1.2) from the
Routh theory as the conditions for the following group of integrals to be positive definite
(» is a parameter):

V=V ~2V, —2J;(0— " V; + Jz0n + (I—a) We+ mgl Vv,
on a linear manifold determlned by the equations &8V, = ( .,8), i.e. for bug = Oy; =
8e; = v3 = 0. Introducing the new variables Q,, a«; (j =1, 2) mj = Q + iy; e; = y; + a; instead
of w; and ¢; we represent V as
Vo= J* (2 + Q%)+ Ay (M) (0 + 728 + mgl (@ +— ar?) +
m (e + v2?) — 2mal h{(Q + Ay & + (R + Apgde,] +
2min (2w, + agty) — 2a QU + Quuy) + . ..

where terms of the second order of smallness are ignored. The conditions for the function V
to be positive definite are reduced to the inequalities
A (M) >0, 1lghe (B) — 2A, (M) >0 (3.1)

when these conditions are satisfied, the function V is the first integral), with its sign
fixed with respect to w; ¥y e, v; (i =1,2,3), of the equations of perturbed motion. Hence,
by the Lyapunov stability theorem we conclude that the inequalities (3.1) are the sufficient
conditions of stability of solution (1.2) with respect to the variables o;, ¥:i. . v (i =1,2,3).

Thus, the sufficient conditions for stability of the unperturbed motion (1.2) are such
that for a certain real value of the parameter », both inequalities (3.1) are satisfied
simultaneously.

In analysing the roots of Eqg.(2.2) and the inequalities (3.1), let us agree to assume
that a>0{a< 0) if for the solution (1.2) point C is above (below) point O.

Conditions (3.1) were obtained in /1/ and were discussed for the following cases: 1} [ =
0;: )1i>0,a<0;3)1>0a=0.

4. conditions (3.1) cannct be satisfied for ! <0 because then the inequality
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1lgAs (M) — A%A, (M] < 0 would be valid if Ao (A) > 0. Therefore, we shall assume below that

1> 0.
- OTo analyse conditions (3.1) we shall introduce the function
L(k) = gAa (A)/(32A, (M) 4.1
The graph of this function is shown in Fig.l for the case where
Ji¥w® — 4Jy*mga > 0 {4.2)

The letters 7;, A, and 71° Ay’ denote the roots of the equations Ay () =0 and A, (M) =0
respectively, and [, and [* (I, << I*} are the experimental values of the function (4.1).

To satisfy the first condition (3.1) it is necessary for ineguality (4.2) to be satisfied
and then Ay () > 0, if 7, < % < J,. The second equation is equivalent to the condition I>> I(A),
if A<M (hs20) or A >4, and to 0<<l<I(2), if M <A <), Therefore conditions (3.1)
are equivalent to the conditions

A (W>S0,I>T(). if A (A#£0) or 1> 4" (4.3
Bo (M) >0,0<i<cl(p)y if <A<y (4.4)

i

Conditions (4.3) cannot be satisfied for any of the
values of A: A<CM°(Az=0), A>> A° because Ay (M) <0 for

L all 2 <Al A A’
Lo TN To analyse conditions (4.4) we take an arbitrary value
l Yl N of [,0<l<,, and denote by &, (l), 2, (]) the roots of

M<m{ <A@ <k (Fig.l). Then conditions (4.4) will
be satisfied for all values of A which satisfy conditions
M () << <<2y(l). Further, we see from Fig.l that the
equation [ ()=l has four real roots if [>1I* or U< <
l,, and two real and a pair of complex roots if I, <7< !*. wWhen!l= [ ,and ! = [%this equation has
equal real roots and a pair of complex roots.Since, for Iz 0 the equation I (%) = ! is identical
to Eq.(2.2), it follows that the necessary stability conditjons are satisfied for !> I* and
two 0 <! <!, Comparingthis result with the analysis of conditions (4.3) and (4.4) discussed
we finally conclude that: 1) for [I>> I* the necessary stability conditions are satisfied, but
not the sufficient conditions (4.3); 2) for 0 < I<{!, both the necessary and sufficient
conditions are satisfied simultaneously.

It is asserted in /1/ that for />0 and ¢ >0 conditions (3.1) are reduced to the
requirement that all four roots of the equation !(2) = ! should be real with respect to 7,
and in /2/ it is additionally mentioned that for (1.2) the necessary stability conditions are
identical with the sufficient conditions, ané reduce to the reguirement that all roots of
Eg.{2.2) should be real. As the analysis above shows, these assertions only hold for (<l <
l,. and do not apply to the case when [> I*.

1/A,(L) a.z(z}\;.zh'z »# the equation [ (A) = ! which satisfy the inequalities

Fig.l

5. Let us substitute & = 13./1“‘@)_: inte (2.2}, and represent these equations in the form
Lz = 2% — (L — B Qe = Qr —1=0 (5.1)
mal 13202 )
= Q= 2 =l = ! >
L J, Jymza ! ﬁ 4y tre>1

For all four roots of Eg.(5.1) to be real and different it is necessary and sufificent
to satisfy the following conditions for L =0

At = L%, > U, A = LA S 00 A = LAOPA S0 (5.2
(L. QB =3QL -~ 8(L - B)
Ao (L. Q, ) =30°L* — (L — B)* —~ 8 (L — B) —
6(f — 3 QL — 4 (L — BL — B)? — 4L}
(L. Q =40 —~4QL ~ (L - 1P~
4e (L — DIBLO* — (3L — 10L ~ 3)Q — 16 (L - 1)3] +
L — 4 (L% — 26L — 3} — 32(3L* — 2L + 3] —
4e3 (L — 1){Q ~ 16) — 16t
(see /3/, p.60).

1f L< 0, the signs of all the inequalities in {(5.2) should be changed.

If A =0, Eq.(5.1) has multiple roots. For L >0, it has two real and a pair of
complex roots if A << 0, and has no real roots if As?> 0 and neither of the first two
inequalities in (5.2) is satisfied. For L <0, Eq.(5.1) has two real and a2 pair of complex
roots if A:*> 0, and has no real roots if A <0 and, in addition, at least one of the

inequalities Al > 0, A}, > 0 is matisfied.
The analysis of conditions (5.2) reduces to constructing in the (L. Q)-plane the curves
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defined by the equation Ay =0, A; =0, A; =0 for a fixed values of the parameter f=1+¢>
1. This does not present any difficulty for the first two of these equations.

Constructing the curves determined by the equation A; =0 is more complex. For e = 0,
this eguation takes the form

A (L. Q0)=4(Q—-HAL —(L+ 1)1 =0
and breaks up into two equations, Q=4 and Q = (L + 1)’)L™' which define the curves shown
in Fig.2 (the dashed lines).
Let us introduce new variables, w = Q — 4 and Z =
L — 1, andwrite the equation A; =0 as

As = apuP+ aqyuw? + aw -~ (5.3)
a3 =0
a =4 (z + 1)°
a, = — (822 + 20z — &¥)(z + 1)
a, = 4lz(z — €)® — 18¢ x
(22 + &)z + )],
ag = 16e [(z — €)® —

27e (z + 1))
We denote by D {(z, ¢) the discriminant of this equation
= hp— 2igr = SO E)
Dz, e)=— 4p*—27¢g* = ITE (5.4)

Fig.2

3ae’p = 3apa, — a1, 27a%q = 27ap?ay — 9a0aya, + 24,

where ( (z,¢) is the polynomial in each of the variables z and &, which, with respect tc z, is
of degree 11, and with respect to & of degree 9, in which case

Q(z,0) = 51225 (z + 2), Q (—1,¢) = (¢ ~ 1)%e — 8)°
Q (e, &) = —283%3 (¢ +— 1)3e + 2)?

Hence it follows that for each & the function Q, and therefore, by Eq. (5.4) the discriminant D, has
as least one real root z;=2{¢;, if 0 < e« 8, andat least three real roots z;(g) <0 <z, (e) < z; (e).
if €>8; at the same time for O<<e<<8 we have D >0 if 2>2,D <0 if z< 2z, and for
e >8 we obtain D>U if z>3 or z3<:z<z, and D<0 if <2<z or z<z; For
this reason Eq.(5.3) for 0 < ¢ < 8§ has three real roots if z>> 3z, and one real root if z <z,
For &> 8. Eg.(5.3) has three real roots if z > ;. or 23<<2<z. and one real root if 2z, <
<<z or z<z,

let us denote by L = L(Q, B) a real algebraic function determined by the equation
A; = 0. The following expansions hold for the branches of this function:

for small values of |Q — 4|

L=a3(Q -4 = o ~ai"(Q —4) 4+ (Q — 4~ ...

(i=1,2)
e =—4(F—~1), a¥=0, af’=3p+1,
ai’' =B+ 3[F—1) + (B —1)

o/ =2 o =T aPE— 1)1+ (B — 1) + B — 1] x
1+ B0 +(B—1)]
0 = — - [48B (B — 12 + 12(B — 1) (B* — 9B + 9)+ B*] (B— 1)
for small values of |Q — 4fi|

L =, (Q — 4B) + .3 (Q — 4B)? + ag® (R — 4B)* + . ..

3) __ B @__ _h-—2 () __ 8p*—9pr+3p—1
W=gEon Y T Tepomr B T T -1

for high values of Q>0

—/y

L=a’0 < o0 = o) 4+ aB0™" 4 a0 4 257" + ...
(i =4, 5)
o' =aP =1, o' =—aP=—2VIB-1
o =l = — o (T — 3p)
for high values of |Q| and B> 9
L=a®01+ o902 o031 . (=86,7)

a7 = - [27 — 189 — B+ (B — 1) (B — 9)"] O
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0y = [— (B + B*+ 63p—81) &
(B¢ — 123 - 972p 4 2187) (B — 1)+ (f — 9)~/]
(we will not give the remaining coefficients because the expressions become cumbersome) .

The results of our analysis of the sufficient and necessary conditions for stability of
the motion (1.2) are shown in Figs.3 and 4. The first (third gquadrant of the (L, Q)-plane

5o A— 24

Fig.3 Fig.4

corresponds to motion (1l.2) for which the point O is located below point O' and peoint C above
(below) point O; the second (fourth! quadrant corresponds to the motion for which point O

is above O', and point C below (above) 0. The regions with the boundaries marked by crosses
correspond to the motions for which the sufficient and necessary stability conditions are
simultaneously satisfied; the regions marked with the inclined dashes correspond to the motions
for which only the necessary stability conditions are satisfied. Fig.2 corresponds to 1<
p<<9, and Fig.3 to 9< P <P, and at the same time the line marking the stability region
which is in the fourth quadrant shifts in the direction opposite to the Q axis as f — B,

and for P = B, it becomes tangential to the branch of the curve L = L (Q, B,) lying in the first
and fourth quadrants. Fig.4 corresponds to values of B > B,. Parts of the (L, Q)-plane not
marked with dashes refer tc the parameters for which the motion (1.2) is unstable, and Eq.

(2.2) has at least one pair of complex rocts.
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